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A modified thermodynamics method to generate exact solutions of the Einstein
equations∗
(Dated: November 6, 2018)
We modify the method to generate the exact solutions of the Einstein equations basing on the
laws of thermodynamics. Firstly, the Komar mass is used to take the place of the Misner-Sharp
energy which is used in the original methods, and then several exact solutions of Einstein equations
are obtained, including the black hole solution which surrounded by quintessence. Moreover, the
geometry surface gravity defined by Komar mass is obtained. Secondly, we use both the Komar
mass and the ADM mass to modify such method, and the similar results are obtained. Moreover,
with some generalize added to the definition of the ADM mass, our method can be generalized to
global monopole sapcetime.
PACS numbers: 04.20.-q, 04.70.-s
INTRODUCTION
Since Bekenstein found the relationship between black
hole dynamics and thermodynamics [1], and Hawking
presented Hawking radiation according to the quantum
field theory in curved space-time [2], which is a pure ther-
modynamical radiation, people have focused on the deep
relationship between the theory of the gravitation and
thermodynamics for a long time.
In fact, black hole thermodynamics can be viewed as
spacetime thermodynamics, which means that the prop-
erties of the physical objects in black hole thermody-
namics is global on a manifold which is equipped with
a Lorentz metric, known as a spacetime. However, it
is very difficult to construct thermodynamics in general
situations for some common physical quantities such as
mass, entropy and angular momentum which can not
be well defined. Moveover, in a general space-time, the
thermodynamics is usually need to be considered as an
nonequilibrium state, which is very difficult to be dealt
with even for ordinary matter. Though there are such
difficulties, it does not stop the researchers from deriv-
ing the Einstein equations from thermodynamic laws, the
problems in inverse logic [3].
In 1995, Jacobson derived the Einstein equations from
the basic equations of thermodynamics and the Ray-
chaudhuri equations on the null hypersurface [4], by us-
ing the local first law of equilibrium thermodynamics. In
such work, the researchers used the assumption that the
entropy is proportional to the area of the local Rindler
horizon of an infinitely accelerated observer, and the
Hawking-Unruh temperature, which had been exploited
∗This research is supported by the National Natural Science Foun-
dation of China under Grant Nos.11273009 and 11303006.
in Ref. [5], was treated as the temperature observed by
such observer. Basing on such assumptions, the Ein-
stein equations were derived. However, in that work,
the researchers assumed that the spacetime is in a lo-
cally thermal equilibrium system, but as the equations
that describe the evolution of all spacetimes, Einstein
equations are expected to be able to describe all kinds of
spacetimes’ evolution in principle naturally, including the
spacetimes that do not satisfy the locally thermal equi-
librium assumption. In other words, the researchers ob-
tained the equations that can describe general situations
only based on a special assumption, which is unnatural
in logic, see [3].
For this reason, Ref.[3] put forward a new method to
study such problem. In such paper, the researchers Con-
sidered a spacetime equipped with spherically symmetry,
whose metric ansatz is ds2 = −f(r)dt2+h(r)dr2+r2dΩ2.
In such spacetime, the energy of the gravitational field
was defined as the Misner–Sharp energy [6]. Firstly, the
researchers applied the first law of equilibrium thermody-
namics in a adiabatic system, dM = dW , to derive h(r).
Deriving f(r) is a difficult task, to solve such problem,
the researchers assumed that the surface gravity defined
in the traditional way is equal to the geometry surface
defined by the unified first law [7], and then they gen-
erated several exact solutions of the Einstein equations.
There is no doubt that the amazing results obtained in
Ref.[3] provides a new way to study the gravitational
thermodynamics. However, there is a limitation in this
method for such method requires the symmetry of the
space-time strictly because the Misner–Sharp energy can
only be defined in the spacetime with a spherically sym-
metry, a plane symmetry as well as a Pseudo spherically
symmetry[8–10]. This difficulty motivates us to modify
this method.
There are two steps of such modification introduced
in our paper. Firstly, we replace the Misner–Sharp mass
2with only the Komar mass [11], by using the first law of
equilibrium thermodynamics in a adiabatic system just
like the original method did, and then the results ob-
tained here are similar with that obtained in the original
method. Since the definition of the Komar mass only
requires that the space-time is stationary, means that
if there is time-like a Killing vector in the space-time,
then our method can be used in principle. In addition,
the black hole solution surrounded by quintessence is also
generated in this paper. Our another achievement is that
we construct another definition of the geometry surface
gravity, which is defined by the Komar mass. In the
second step of our work, we use the ADM mass , an-
other quasi-local energy for gravitational field [12], to-
gether with the Komar mass to complete such modifica-
tion. If we do so, then we can also regenerate these exact
solutions of Einstein equations, further more, we mod-
ify the definition of the ADM mass, and then the global
monopole spacetime can be generated.
This paper is organized as follows: in section 2 we
modify this method with only the Komar mass, and gen-
eral severate exact solution of Einstein equations, the
geometry surface gravity defined by Komar mass is also
construct in this section; in section 3, we introduce the
method modified by both the Komar mass and the ADM
mass, and some comments on the situation that the
spacetime with global monopole charge is arisen; in the
section 4 and 5, some discussion and conclusion is given.
MODIFIED WITH ONLY KOMAR MASS
In this section, the method modified with only the Ko-
mar mass will be introduced. Here, the metric ansatz of
a spherically symmetric spacetime is
ds2 = −f(r)dt2 + h−1(r)dr2 + r2dΩ2. (1)
In a stationary space-time, the Komar mass can be de-
fined as
Mk = −
1
8π
∫
S
ǫabcd∇
cξd, (2)
where ǫabcd is the volume element of the four dimensional
space-time and ξd is a time-like Killing vector field. Ac-
cording to the two formulas above, we can get the Komar
mass in this metric ansatz as
Mk =
r2
2
√
h
f
df
dr
. (3)
In the spherically symmetric space time, according to
the unified first law, we can define the geometry surface
gravity as [7]
κg =
Mms
r2
− 4πrω, (4)
in which Mms is the Misner-Sharp energy defined as [6]
Mms =
1
2
r(1 − h), (5)
and ω is the work term defined as [7]
ω = −
1
2
IabTab, (6)
where Iab is the inverse of the induced metric of the
space-time in the leader two dimensions whose line el-
ement reads
I = −f(r)dt2 + h(r)dr2 . (7)
On the other hand, in Eq.(1), the surface gravity is
κ =
1
2
√
h
f
df
dr
. (8)
In Ref.[3], the researchers assumed that the surface grav-
ity is equal to the geometry surface gravity
κ = κg. (9)
In this paper we will follow this assumption. According
to Eqs.(3), (4), (8) and (9), we can obtain the relationship
between the Komar mass and the Misner-Sharp energy
as
Mk = Mms − 4πωr
3. (10)
The Schwarzschild solution
Considering a vacuum spacetime and the first law of
equilibrium thermodynamics in the adiabatic system, we
can get
dMk = 0. (11)
The energy-stress tensor is zero in the vacuum, so the
work term ω must be zero. Combining Eqs.(5), (10) and
(11) together, we have
d[
1
2
r(1 − h)] = 0. (12)
Solving this equation, the result reads
h = 1−
C
r
. (13)
Substituting it into Eqs.(3) and (5), and combing with
eq.(10), f(r) is obtained as
f = [(1−
C
r
)
1
2 +D]2. (14)
If we choose the asymptotically flat spacetime as our
boundary condition, then
D = 0. (15)
And the Komar mass reads
Mk =
C
2
. (16)
3Finally the result can be written as
ds2 = −(1−
2M
r
)dt2 +
1
1− 2M
r
dr2 + r2dΩ2. (17)
It is exactly the line element of the Schwarzschild space-
time. Now we can draw a conclusion that the Kormar
mass describes a adiabatic process. Furthermore, com-
bining Eqs.(3), (8), (9) together, we can obtain the sur-
face gravity defined by the Komar mass as
κ′ =
Mk
r2
. (18)
The Schwarzschild-de Sitter solution
Now let us deal with the situation that there is force
works. Considering the first law of thermodynamics
again
dMk = −PdV, (19)
where P donates the pressure and V is the volume
V =
4
3
πr3, (20)
the work term is [3]
ω =
Λ
8π
. (21)
Where Λ can be viewed as the cosmological constant.
Substituting it into Eqs.(10), then the Komar mass reads
Mk =Mms −
r3Λ
2
. (22)
Based on Eqs.(19), (21), (22), we can get
d(
r
2
(1− h)−
r3Λ
2
) = −4πPr2dr. (23)
Letting the Λ = 4πP , the results are read as
h = 1−
C
r
−
Λr2
3
, (24)
and
f = 1−
C
r
−
Λr2
3
. (25)
It is just the line element of the Schwarzschild de Sitter
spacetime
ds2 = −
(
1−
C
r
−
Λ
3
r2
)
dt2 +
1
1− C
r
− Λ3 r
2
dr2 + r2dΩ2.
(26)
The RN-de Sitter solution
Furthermore, if we consider there is a electric charge,
then
dMk = −PdV +
q2
r2
dr. (27)
Ref.[3] assumed that the work of the electric field can be
written as q
r
dq, however, we find that this assumption can
not derive the RN solution. Indeed, in Ref.[7] the work
of the electric force is considered as q
2
r2
dr . Moreover, if
we use this as our assumption and then the RN solution
can be obtained, which will be expressed as follows.
To be more general, we consider that there are both
force and electric field work, so the work term is written
as [3]
ω =
q2
8πr4
+
Λ
8π
. (28)
We can obtain the Komar mass in this situation as
Mk = Mms −
r3Λ
2
−
q2
2r
. (29)
So, we can get the equation as
d(
r
2
(1 − h)−
r3Λ
2
−
q2
2r
) = −4πPr2dr +
q2
r2
dr. (30)
Considering Λ = 4πP and solving the equation above,
the solution is obtained as
h = 1−
C
r
−
Λr2
3
+
q2
r2
. (31)
Substituting this into Eq.(3), we get
f = 1−
C
r
−
Λr2
3
+
q2
r2
. (32)
And therefore, we get the line element of RN-de Sitter
spacetime
ds2 = −
(
1−
C
r
+
q2
r2
−
Λ
3
r2
)
dt2
+
1
1− C
r
+ q
2
r2
− Λ3 r
2
dr2 + r2dΩ2. (33)
More general situations
In more general situations, if it is assumed that the
work term ω and and the power P are both power func-
tions of r, apply the first law of thermodynamics, for
convenient, the equation is expressed as
d(r(1 − h)− crd) = arbdr, (34)
where a, b, c and d are all constants. The solution of this
equation is
h = 1−
arb
rb+1
− crd−1 −
C1
r
(35)
4If it is assumed that a, b, c and d are not independent
with each other but constrained by following conditions
d = 1 + b, c =
a
1 + d
, (36)
then h can be rewritten as
h = 1− (
a
d
−
a
1 + d
)rd−1 −
C1
r
, (37)
Above formula can be inserted into Eq.(10), then we have
r{1− [(
a
d
−
a
1 + d
)rd−1 −
C1
r
]} −
a
1 + d
rd
= r2
√
1− (a
d
− a1+d )r
d−1 − C1
r
f
df
dr
, (38)
and the solution is
f = 1− (
a
d
−
a
1 + d
)rd−1 −
C1
r
+ C2[
√
−ard + (d+ d2)(r + C1)√
rd(d + 1)
+
C2
4
]. (39)
Setting C2 = 0, so
f = 1− (
a
d
−
a
1 + d
)rd−1 −
C1
r
. (40)
Redefining a new parameter α as
α = −(
a
d
−
a
1 + d
), (41)
then the line element of the spacetime is
ds2 = −
(
1−
C1
r
+
α
r1−d
)
dt2
+
1
1− C1
r
+ α
r1−d
dr2 + r2dΩ2. (42)
Where α can be viewed as the charge of the spacetime.
For some specific examples, if α = 0, then a = c = 0, the
Schwarzschild solution can be obtained, and if d = −1,
then we arrive at the RN spacetime and α = q2, where q
is the electric charge.
Noted that if we set the range of d as
1 < d < 3, (43)
then we arrive at the black hole solution surrounded by
quintessence, which has been obtained by V.V.Kiselev in
2003 [13].
It should be careful that when d = 1. In such situation
the solution is
f = h = 1−
C1
r
+ α, (44)
it seems that the global monopole is generated. However,
if we submit above into Eq.(3), then the Kormas can be
obtained as
M =
C1
2
, (45)
and then the thermodynamical relationship reads
dMk = 0, (46)
which means that there is not any work in this situation.
It requires that
a = c = 0, (47)
in Eq.(36), then we just arrive at the Schwarzschild sit-
uation again.
MODIFIED WITH BOTH KOMAR MASS AND
ADM MASS
In a asymptotically flat sapcetime, the ADM mass can
be defined as [12]
MADM =
1
16π
lim
r→∞
∫
S
(∂jhij − ∂ihjj)N
idS. (48)
where the hij is the spatial component of the induced
metric in the asymptotically Descartes coordinates. In
our spacetime metric ansatz, the line element of the in-
duced metric can be written as
dsˆ = h−1(r)dr2 + r2dΩ2
= h(r)−1[dr2 + h(r)r2(dθ2 + sin2 θdφ2)]. (49)
Since what we consider now is a asymptotically flat
sapcetime, so it can be believed that
lim
r→∞
h(r) = 1. (50)
So the spatial line element can be written approximately
as
dsˆ ≈ h(r)−1[dr2 + r2(dθ2 + sin2 θdφ2)]. (51)
After some calculations, the ADM mass can be written
as
MADM = lim
r→∞
1
2
h(r)−
3
2 r2
dh(r)
dr
. (52)
After the limitation has been taken, then
MADM = lim
r→∞
1
2
r2
dh(r)
dr
. (53)
The Schwarzschild solution
Applying again the first law of thermodynamics in a
vacuum spacetime which is in an adiabatic system
dMADM = 0, (54)
Then the following differential equation can be obtained
r2
d2h(r)
dr2
+ 2r
dh(r)
dr
= 0. (55)
5Solving this equation, the result reads
h = C1 −
C2
r
. (56)
The condition of asymptotic flat spacetime requires that
C1 = 1. submitting it into Eq.(53),then the result can
be obtained as
h = 1−
2MADM
r
. (57)
Inserting above result into the Komar mass (3) and using
the first law of thermodynamic
dMk = 0, (58)
then the following equation can be obtained
d(
√
1− 2MADM
r
f
df
dr
r2) = 0. (59)
Solving the above equation, the result is
f(r) = e
−2 arctan( 2MADM
√
rC
′
1√
2MADM−r
)
× (1−
2MADM
r
+ 4M2ADM (C
′
1)
2)C′2. (60)
If the integral constants are chosen as
C′1 = 0, C
′
2 = 1. (61)
Then the solution can be written as follows
f(r) = 1−
2MADM
r
. (62)
Combining Eqs, (3), (57) and (62) together, then the
following result is obtained
MADM =Mk. (63)
This result suggests that our method is reasonable. Ap-
plying this result into eq.(1), then the Schwarzschild so-
lution can be obtained
ds2 = −(1−
2M
r
)dt2 +
1
1− 2M
r
dr2 + r2dΩ2 (64)
A comment on the spacetime with a global
monopole charge
Let us consider eq.(53) again, which is under the con-
dition that
lim
r→∞
h(r) = 1, (65)
now let us assume that Eq.(53) still works in the space-
time with a global monopole charge. However, such
spacetime is not a spherically symmetry spacetime any-
more. Specifically, considering a global monopole space-
time, whose line element is
ds2 = −(1− η2 −
2M
r
)dt2 +
1
1− η2 − 2M
r
dr2 + r2dΩ2.
(66)
Where η is a constant. This line element can be rescaled
as
ds2 = −(1−
2M
r
)dt2 +
1
1− 2M
r
dr2 + (1 − 8πη2)r2dΩ2.
(67)
In this spacetime, the integral
∫
dS is not 4π but 4π(1−
8πη2), see Ref.[14]. So, in order to carry the information
of the global charge, we define the ADM mass in such
spacetime as
MADM = lim
r→∞
1− 8πη2
2
r2
dh(r)
dr
. (68)
It should be noted that when η = 0, the definition above
reduces to Eq.(53). Now we have generalized the def-
inition of ADM mass in the spacetime with a global
monopole charge, and let us call this mass as quasi ADM
mass.
Now we are ready to explore what will such generaliza-
tion will give us. Firstly, we consider a global monopole
spacetime. By using the definition of the quasi ADM
mass, then
dM = 0. (69)
Next let us consider the global monopole spacetime with
a electric charge, whose line element is
ds2 = −(1− η2 −
2M
r
+
q2
r2
)dt2
+
1
1− η2 − 2M
r
+ q
2
r2
dr2 + r2dΩ2. (70)
With calculation, the thermodynamical relationship can
be obtain as
dMADM = (1 − 8πη
2)
q2
r2
dr. (71)
This result means that the global monopole charge results
in a correction factor in the thermodynamical relation-
ship.
Whatever, It is obvious that the first law of thermody-
namics can be obtained in our definition of quasi ADM
mass, which suggests that such generalization is reason-
able.
DISCUSSION
There are several comments on our work introduced as
follows:
61. In section 3, we introduced the method that modi-
fied by both the Komar mass and the ADM mass. How-
ever, to be honest, only the Schwarzschild solution has
been generated completely in our work. However, with
some trick, some other exact solutions can also be re-
generated. Let us take the RN solution as an example.
Firstly, let us consider the thermodynamical relationship
for ADM mass in this situation
dMADM =
q2
r2
dr, (72)
and the solution reads
h(r) = 1−
2M
r
+
q2
r2
. (73)
Submitting above into Eq.(3), and using the same ther-
modynamical relationship, then we have
d(
√
1−
2M
r
+
q2
r2
df
dr
r2) =
q2
r2
dr, (74)
the above equation is too difficult to be solved, but we
can check that the following is one particular solution of
this equation:
f(r) = 1−
2M
r
+
q2
r2
. (75)
Here, the RN spacetime is generated though this trick is
not strict enough.
2. Some analyses about the situation that the space-
time with global monopole charge are also given in sec-
tion 3. However, we can go to the inverse logic. We as-
sume that the thermodynamical relationship also works
in this situation. In vacuum, the thermodynamical rela-
tionship reads
dMADM = 0. (76)
and the solution reads
h(r) = C1 −
2M
r
. (77)
in this situation, the requirement of the asymptotically
flat sapcetime is loosen, so the integral constant can be
chosen as C1 = 1− η, and the result reads
h(r) = 1− η2 −
2M
r
. (78)
and the f(r) can also be solved as
f(r) = 1− η2 −
2M
r
. (79)
Then the global monopole spacetime has been generated.
CONCLUSION
In this paper, we modify the method to generate the
exact solution of the Einstein equations with the laws of
thermodynamics which was arisen in Ref.[3]. In Ref.[3],
the researchers used the Misner-Sharp energy and uni-
fied first law to derive several exact solutions of Einstein
equations without involving it. However, the Misner-
Sharp energy can only be defined in the space-time with
a spherically symmetry, a plane symmetry as well as a
Pseudo spherically symmetry, which limits this method
to be generalized to more general situation.
This method is modified in two steps in this paper.
Firstly, we use only the Komar mass to take the place
of the Misner-Sharp energy to modify such method, and
then several exact solutions of the Einstein equations are
regenerated. Moreover, we obtain the geometry surface
gravity defined by the Komar mass in the specially sym-
metry space-time. Since the Komar mass requires the
symmetry less than the Misner-Sharp energy, which re-
sults in our method could be used in more situations
general in principle.
Secondly, we modify this method with both the Ko-
mar mass and the ADM mass, some exact solutions of
Einstein can also be regenerated. Moreover, the quasi
ADM mass is defined in the spacetime with a global
monopole charge and some thermodynamical properties
of such mass are analyzed. We find that the first law of
thermodynamics still works in such mass, and the global
charge plays an important role in the relationship be-
tween the extra field and the work done by such extra
field.
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